ABSTRACT This paper investigates a double-hierarchy hesitant fuzzy linguistic mathematical programming method to multiple attribute group decision making (MAGDM) problems, where the assessment values of alternatives and the truth degrees of pairwise comparisons between alternatives are denoted by double-hierarchy hesitant fuzzy linguistic elements (DHHFLEs) and the inter-dependent or interactive characteristics among attributes and the incomplete preference information are taken into account. First, based on the distance measure between DHHFLEs, the double-hierarchy hesitant fuzzy linguistic positive ideal group consistency index (DHHFLPIGCI), double-hierarchy hesitant fuzzy linguistic positive ideal group inconsistency index (DHHFLPIGII), double-hierarchy hesitant fuzzy linguistic negative ideal group consistency index (DHHFLNIGCI), and double-hierarchy hesitant fuzzy linguistic negative ideal group inconsistency index (DHHFLNIGII) are defined, respectively. Then, to determine the positive ideal solution (PIS), negative ideal solution (NIS), and Shapley values of attributes simultaneously, a four-objective double-hierarchy hesitant fuzzy linguistic mathematical programming model is constructed by minimizing the DHHFLPIGII and DHHFLNIGII as well as maximizing the DHHFLPIGCI and DHHFLNIGCI. Subsequently, the relative closeness degrees (RCDs) of all feasible alternatives for each decision maker (DM) are obtained and the individual ranking order of alternatives for each DM is derived according to the descending order of RCDs, and thus a single-objective assignment model is established to generate the group ranking order of alternatives. Finally, a numerical example is given to illustrate the application of the proposed method and its effectiveness is demonstrated by comparison analysis.
I. INTRODUCTION
Multiple attribute group decision making (MAGDM) is a process of ranking alternatives and selecting the most desirable alternative from a feasible set of alternatives conducted by a group of decision makers based on the assessments of influential and conflicting attributes, both quantitative and qualitative [1] - [4] . In traditional MAGDM, all decision data are known precisely or given as crisp values. Indeed, under many real-life situations, it is usually difficult for decision makers to provide the preference information in terms of crisp values, especially for qualitative attributes, because human judgements and preferences are often vague or fuzzy or hesitant in nature. To solve the ambiguity frequently arising in information from human judgements and preferences, fuzzy set [5] and its extensions including intuitionistic fuzzy set (IFS) [6] , type-2 fuzzy set [7] , hesitant fuzzy set (HFS) [8] and so on have been successfully used to handle imprecision or uncertainty in decision making problems. Moreover, due to the increasing complexity of socioeconomic environment and the vagueness of inherent subjective nature of human thinking, most decision makers would like to provide their preferences in natural language. To this end, Zadeh [7] also introduced the concept of linguistic variables, and then to reflect the decision maker's hesitancy in providing his/her linguistic preference information, Rodríguez et al. [9] developed hesitant fuzzy linguistic term set (HFLTS) by combining HFS and linguistic variables. However, HFLTS is not accurate enough to describe some more complex linguistic terms or linguistic term sets. To solve this shortcoming, Gou et al. [10] developed a new concept named double hierarchy hesitant fuzzy linguistic term set (DHHFLTS).
Since DHHFLTS was appeared, several useful and valuable methods have been developed to enrich the multiple attribute decision making (MADM) methodologies under double hierarchy hesitant fuzzy linguistic environment. For example, Gou et al. [10] extended the traditional multiple multi-objective optimization by ratio analysis (MULTIMOORA) method to solve double hierarchy hesitant fuzzy linguistic MADM problems; Gou et al. [11] proposed a consensus reaching process for large-scale group decision making with double hierarchy hesitant fuzzy linguistic preference relations; Gou et al. [12] developed some distance and similarity measures of double hierarchy hesitant fuzzy linguistic term sets and established a weightdetermining model based on these measures; Furthermore, considering that the second hierarchy linguistic term set in DHHFLTS has to be the same for every single term of the first hierarchy linguistic term set, Montserrat-Adell et al. [13] extended DHHFLTS and introduced the concept of free double hierarchy hesitant fuzzy linguistic term set (FDHHFLTS). As one of practical and useful techniques to solve MADM problems, the linear programming technique for multidimensional analysis of preference (LINMAP) was introduced by Srinivasan and Shocker [14] in 1973. The logic of LINMAP method is that by defining the consistency and inconsistency indices based on the pairwise comparisons between alternatives, a linear programming model is constructed to obtain the positive ideal solution (PIS) and the weights of attributes, and thus the best compromise alternative as the solution that has the shortest distance to PIS is determined. Since the LINMAP method determines PIS and weights of attributes objectively as they are obtained by an algorithm but not given directly by decision makers, it has been extended to different circumstances, such as fuzzy LINMAP [15] , intuitionistic fuzzy LINMAP [16] , [17] , interval-valued intuitionistic LINMAP [18] - [21] , hesitant fuzzy linguistic LINMAP [22] , hesitant fuzzy LINMAP [23] , probabilistic linguistic LINMAP [24] , linguistic LINAMP [25] , interval type-2 fuzzy LINMAP [26] , [27] and hybrid LINMAP [28] - [33] . To the best of our knowledge, there is little research focused on MAGDM with double hierarchy hesitant fuzzy linguistic information. Therefore, in this paper, we shall try to propose a novel method for MAGDM within the context of double hierarchy hesitant fuzzy linguistic circumstances. Considering the advantage of DHHFLTS in representing the decision makers' complex linguistic preference information as well as the usefulness of the LINMAP method, the traditional LINMAP method is extended to double hierarchy hesitant fuzzy linguistic environment and a double hierarchy hesitant fuzzy linguistic mathematical programming method is proposed based on Shapley values and incomplete preference information. Firstly, based on the distance measure between double hierarchy hesitant fuzzy linguistic elements (DHHFLEs), the double hierarchy hesitant fuzzy linguistic positive ideal group consistency index (DHHFLPIGCI), double hierarchy hesitant fuzzy linguistic positive ideal group inconsistency index (DHHFLPIGII), double hierarchy hesitant fuzzy linguistic negative ideal group consistency index (DHHFLNIGCI) and double hierarchy hesitant fuzzy linguistic negative ideal group inconsistency index (DHHFLNIGII) are defined, respectively. Then, to determine the positive ideal solution (PIS), negative ideal solution (NIS) and Shapley values of attributes simultaneously, a four-objective double hierarchy hesitant fuzzy linguistic mathematical programming model is constructed by minimizing the DHHFLPIGII and DHHFLNIGII as well as maximizing the DHHFLPIGCI and DHHFLNIGCI. Subsequently, the relative closeness degrees (RCDs) of all feasible alternatives for each decision maker (DM) are obtained and the individual ranking order of alternatives for each DM is derived according to the descending order of RCDs, and thus a single-objective assignment model is established to generate the group ranking order of alternatives. Finally, a numerical example is given to illustrate the application of the proposed method and its effectiveness is demonstrated by comparison analysis. The contributions of this paper are summarized as follows:
(1) The assessment values of alternatives and the truth degrees of pairwise comparisons between alternatives are denoted by double hierarchy hesitant fuzzy linguistic elements.
(2) Most of the existing LINMAP methods are based on the assumption that the attributes or preferences of decision makers are independent. Considering the inter-dependent or interactive characteristics among attributes, the Shapley values are used to express the importance degrees of attributes.
(3) To obtain PIS, NIS and Shapley values of attributes objectively, a four-objective double hierarchy hesitant fuzzy linguistic mathematical programming model is constructed by minimizing the DHHFLPIGII and DHHFLNIGII as well as maximizing the DHHFLPIGCI and DHHFLNIGCI.
The remainder of this paper is organized as follows: In Section 2, we review some definitions related to DHHFLTS and fuzzy measure; In Section 3, the double hierarchy hesitant fuzzy linguistic MAGDM problems with incomplete preference information are described, and the normalization method of double hierarchy hesitant fuzzy linguistic decision matrix is provided; In Section 4, the double hierarchy hesitant fuzzy linguistic mathematical programming method for MAGDM is proposed based on Shapley values and incomplete preference information; In Section 5, a numerical example is given to illustrate the application of the proposed method and its effectiveness is demonstrated by comparison analysis; The paper is concluded in Section 6. 
II. PRELIMINARIES
To facilitate the following discussion, some definitions related to double hierarchy hesitant fuzzy linguistic term set and fuzzy measure are briefly reviewed in this section.
A. DOUBLE HIERARCHY HESITANT FUZZY LINGUISTIC TERM SET
Let S = {s t |t = −τ, . . . , −1, 0, 1, . . . , τ } and O = {o k |k = −ς, . . . , −1, 0, 1, . . . , ς } be the first and second hierarchy linguistic term set (LTS), respectively, and they are fully independent. A double hierarchy linguistic term set (DHLTS), S O , is in a mathematical form of
where s t<o k > is called double hierarchy linguistic term (DHLT), o k expresses the second hierarchy linguistic term when the first hierarchy linguistic term is s t [10] .
Furthermore, the selections of the second hierarchy LTS are on the basis of the value of t. If t ≥ 0, then the meaning of the first hierarchy LTS S = {s t |t ≥ 0} is non-negative, so the second hierarchy LTS needs to be selected with the ascending order. On the contrary, if t < 0, then the meaning of the first hierarchy S = {s t |t < 0} is negative, so the second hierarchy LTS needs to be selected with the descending order. Specially, if t = τ , then we only consider the front half of the second hierarchy LTS, i.e., O = {o k |k = −ς, . . . , −1, 0}; On the contrary, if t = −τ , then we only consider the latter half of the second hierarchy LTS, i.e., O = {o k |k = 0, 1, . . . , ς }.
For example, if τ = ς = 3, then the distributions of the four parts of the second hierarchy LTS can be described by Figure 1 .
Obviously, the DHLTS S O only can be used to express a single linguistic term, but the complex linguistic term cannot be expressed, such as ''between only a little high and a little perfect.'' Therefore, Gou et al. [10] extended S O into hesitant fuzzy linguistic information, and developed the concept of double hierarchy hesitant fuzzy linguistic term set.
Definition 1 [10] : Let X be a fixed set, S O = {s t<o k > |t = −τ, . . . , −1, 0, 1, . . . , τ ; k = −ς, . . . , −1, 0, 1, . . . , ς } be a DHLTS. A double hierarchy hesitant fuzzy linguistic term set (DHHFLTS) on X , H S O , is in terms of a membership function that when applied to X returns a subset of S O , and denoted by a mathematical form:
where h S O (x i ) is a set of some values in S O , denoting the possible membership degrees of the element x i ∈ X to the set H S O as
with L being the number of the DHLTS in h S O (x i ) and 
. . , ς } be a DHLTS. Suppose that τ = ς= 3 and the linguistic terms are same as those in Fig.1 . The following three linguistic expressions ''a little high'', ''between much medium and just right very high'' and ''just right perfect'' can be denoted by double hierarchy hesitant fuzzy linguistic elements (DHHFLEs) {s 1<o −1 > }, {s 0<o 1 > , s 1 , s 2<o 0 > } and {s 3<o 0 > }, respectively.
Remark 1: For the second linguistic expression ''between much medium and just right very high'', it contains all linguistic terms from ''much medium'' to ''just right very high.'' Therefore, we can use s 0 to represent the middle linguistic term without using the form of DHLT.
74164 VOLUME 6, 2018 Note that, in Definition 1, the subscripts of s φ l <o ϕ l > (x i ) are in discrete form, i.e.,{φ l = −τ, . . . , −1, 0, 1, . . . , τ ; ϕ l = −ς, . . . , −1, 0, 1, . . . , ς }. In order not to lose much information, similar to the linguistic term set, we can extend the discrete subscripts to continuous form. i.e., φ l ∈ [−τ, τ ] and ϕ l ∈ [−ς, ς]. To define the operational laws, comparison laws and distance measure of DHHFLEs, Gou et al. [10] developed two equivalent transformation functions between DHLT (DHHFLE) and real number (hesitant fuzzy element, HFE).
Definition 2 [10] :
be a DHHFLE with L being the number of linguistic terms in h S O , and h r = {r l |r l ∈ [0, 1]; l = 1, 2, . . . , L} be a HFE. Then the membership degree r l and the subscript φ l < ϕ l > of DHLT s φ l <o ϕ l > that expresses the equivalent information to r l can be transformed to each other by the following functions f and f −1 , respectively, Eq. (5) is shown at the bottom of this page.
Based on Definition 2, the transformation functions F and F −1 between DHHFLE h S O and HFE h r are shown as follows:
Definition 3 [10] :
, ς]} be any three DHHFLEs, λ be a real number, then the operational laws between DHHFLEs are defined as follows:
In order to compare any two DHHFLEs, the expect function and variance function of DHHFLE are defined by Gou et al. [10] .
Definition 4 [10] :
Additionally, the variance function of h S O is provided by
Based on Eqs. (13) and (14), the comparison laws between DHHFLEs are shown as follows:
Definition 5 [10] : Let h S O 1 and h S O2 be any two DHHFLEs, then
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Definition 6 [10] :
, ς]} be any two DHHFLEs, then the Euclidean distance between them is defined as
where η 1 σ (l) and η 2 σ (l) are the l-th smallest elements of F(h S O 1 ) and F(h S O2 ), respectively. In most case, the number of elements in F(h S O 1 ) may be not equivalent to that in
To operate correctly, we should extend the shorter one by adding the same value several times in it until both of them have the same length. The selection of this value mainly depends on the decision makers' risk preference. Optimists anticipate desirable outcomes and may add the maximum value, while pessimists expect unfavorable outcomes and may add the minimum value. Although the results may be different if we extend the short one by adding different values, this is reasonable because the decision makers' risk preference can directly influence the final decision. The same situation can also be found in many existing References [34] - [36] . In this paper, we assume that the decision makers are all optimistic (other situations can be studied similarly).
B. FUZZY MEASURE
In real decision problems, there are often some degrees of inter-dependent or interactive characteristics among criteria and among experts. In 1974, Sugeno [37] introduced the concept of fuzzy measure which is a power tool for modeling interaction phenomena among combinations.
Definition 7 [37] : Let N = {x 1 , x 2 , . . . , x n } be a universe of discourse, P(N ) be the power set of N . A fuzzy measure on N is a set function µ : P(N ) → [0, 1], satisfying the following conditions:
(
. From Definition 7, we can see that the fuzzy measure is defined on a power set, and to determine fuzzy measures on N , 2 n − 2 values need to be identified. If the elements in a set are usually correlated, then the importance of each element is not only determined by itself, but also influenced by other elements. To study the overall contribution of single element based on different combinations of sub-criteria, Shapley values can be used as their weight vector. In order to measure the power or strength of each coalition other than each player in a game, Marichal [38] proposed the generalized Shapley index.
Definition 8 [38] : Let µ be a fuzzy measure on the set N = {x 1 , x 2 , . . . , x n }, and S be a given subset of elements, then the Shapley index for S is defined by
where s, t and n denote the cardinalities of S, T and N , respectively. If s = 1, suppose S = {x i }, then Eq. (16) reduces to the Shapley function [39] as follows:
Theorem 1:
can be regarded as a weight vector.
III. DOUBLE HIERARCHY HESITANT FUZZY LINGUISTIC MAGDM PROBLEM
As present in Introduction, the DHHFLTS is useful in representing the decision maker's hesitancy in providing his/her complex linguistic preference information and thus can be used in many different managerial scenarios. In this section, the double hierarchy hesitant fuzzy linguistic MAGDM problem considering the interaction phenomena among attributes and the incomplete preference information is described, and then the normalization method is provided.
A. DESCRIPTION OF DOUBLE HIERARCHY HESITANT FUZZY LINGUISTIC MAGDM PROBLEM
Suppose that a group of q decision makers D p (p = 1, 2, . . . , q) are invited to assess the alternatives
The n attributes are assumed to be interdependent, and thus Shapley value is used to represent the importance degree of the attribute C j (j = 1, 2, . . . , n), denoted by ϕ Sh . . , ς }, and it takes the form of DHHFLE. Hence, the concerned MAGDM problem can be concisely expressed by double hierarchy hesitant fuzzy linguistic decision matricesH
which are shown as follows:
The preference relations over alternatives provided by the 
B. INCOMPLETE PREFERENCE INFORMATION ON ATTRIBUTES
In some situations, the importance information of attributes may be inadequate or incompletely known due to the limited time, knowledge, human resources or financial support. Motivated by [40] - [44] , decision makers can use the following five basic forms s(s = 1, 2, 3, 4, 5) among fuzzy measures of attributes to characterize the incomplete preference information on attributes:
(1) A weak ranking:
where T 1 and J 1 are two disjoint subsets of attribute set
where χ L tj and χ U tj are two constants such that 0 <χ L tj < χ U tj ; T 2 and J 2 are two disjoint subsets of
(3) A ranking with multiples:
(5) A ranking with differences:
Cases (1)- (4) are well known types of imprecise information, and Case (5) is a ranking of differences of adjacent parameters obtained by weak rankings among the parameters, which can be subsequently constructed based on Case (1). It is necessary to point out that the preference information structure of attribute importance usually consists of several sets of the above basic sets s(s = 1, 2, 3, 4, 5) or may contain all the five basic sets, based on which, the decision makers can provide their incomplete preference information over attributes, denoted by
Remark 1: In this paper, the incomplete preference information over alternatives p (p = 1, 2, . . . , q) and the incomplete preference information on attributes will be generally referred as incomplete preference information.
Note that the problem concerned in this paper is how to elicit the ranking of all feasible alternatives based on the double hierarchy hesitant fuzzy linguistic decision matrices 1, 2, . . . , q) , the incomplete preference information over alternatives p (p = 1, 2, . . . , q) and the incomplete preference information on attributes .
C. NORMALIZATION METHOD
In general, attributes can be classified into two types: benefit attributes and cost attributes. The larger the value of an alternative on the benefit attribute the better the alternative, while the smaller the value of an alternative on the cost attribute the better the alternative. To eliminate the influence of different physical dimensions and measurements on decision result, the assessment values of attributes must be converted into a compatible scale, i.e., normalization. In this paper, all normalized data denoted by DHHFLEs are so that the larger the normalized value the better the alternative whether the attribute is benefit or cost. May be different normalization methods result in different final decision results. For convenience, the following method is chosen.
For original assessment valuesh ) m×n (p = 1, 2, . . . , q), which can be concisely expressed as follows:
), which is sometime regarded as the assessment values of the alternative A i (i = 1, 2, . . . , m) provided by the DM D p (p = 1, 2, . . . , q).
IV. DOUBLE HIERARCHY HESITANT FUZZY LINGUISTIC MATHEMATICAL PROGRAMMING METHOD FOR MAGDM WITH SHAPLEY VALUES AND INCOMPLETE PREFERENCE INFORMATION
In this section, to obtain PIS, NIS and Shapley values of attributes objectively instead of being given directly by decision makers, considering the inter-dependent or interactive characteristics among attributes and the incomplete preference information, the framework of traditional LINMAP is extended to put forward a double hierarchy hesitant fuzzy linguistic mathematical programming method based on Shapley values for solving MAGDM problems in which the assessment values of alternatives and the truth degrees of pairwise comparisons between alternatives are denoted by DHHFLEs.
A. DOUBLE HIERARCHY HESITANT FUZZY LINGUISTIC GROUP CONSISTENCY AND INCONSISTENCY MEASUREMENTS
According to the normalized double hierarchy hesitant fuzzy linguistic decision matrices
. , q), PIS and NIS are denoted by h
), respectively, which are unknown a priori and need to be determined, where h
is the best assessment value on the attribute C j (j = 1, 2, . . . , n) and h
is the worst assessment value on the attribute C j (j = 1, 2, . . . , n).
Using Eq.(15), the square of the weighted Euclidean distance between alternative A i and PIS can be calculated as follows: (15) is not used to simplify the process of constructing the linear programming model without influencing the final result.
Similarly, the square of the weighted Euclidean distance between alternative A i and NIS can be calculated as follows: ) and the preference relation given by the DM D p as follows: 
Thus, the double hierarchy hesitant fuzzy linguistic positive ideal group inconsistency index (DHHFLPIGII) is defined as follows: ) and the preference relation given by the DM D p can be defined as follows:
which can be rewritten as ψ
Thus, the double hierarchy hesitant fuzzy linguistic positive ideal group consistency index (DHHFLPIGCI) is defined as follows:
On the other hand, for each ( ) and the preference relation given by the DM D p as follows: (25) which can be rewritten as θ
Thus, the double hierarchy hesitant fuzzy linguistic negative ideal group inconsistency index (DHHFLNIGII) is defined as follows:
Similarly, a double hierarchy hesitant fuzzy linguistic negative ideal consistency index (d ) and the preference relation given by the DM D p can be defined as follows: 1, 2, . . . , q; k, i = 1, 2, . . . , m, (27) which can be rewritten as
Thus, the double hierarchy hesitant fuzzy linguistic negative ideal group consistency index (DHHFLNIGCI) is defined as follows: 
) and the NIS h
), a fourobjective double hierarchy hesitant fuzzy linguistic mathematical programming model is constructed as follows:
in which the objective functions involve minimizing the DHHFLPIGII (θ + ) and DHHFLNIGII (θ − ) and maximizing the DHHFLPIGCI (ψ + ) and DHHFLNIGCI (ψ − ); h + and h − are two DHHFLEs given by decision makers a priori;µ is a fuzzy measure on the attribute set C = {C 1 , C 2 , . . . , C n }; ϕ Sh C j is the Shapley value of attribute C j (j = 1, 2, . . . , n); is the incomplete preference information on attributes; n and t denote the cardinalities of C and T , respectively.
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Using Eqs. (22) , (24) , (26) and (28), it follows that
Then, Eq. (29) can be rewritten as follows:
Thus, Eq.(32) can be further rewritten as the following model:
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and
), respectively. Then, Eq. (33) can be transformed into a four-objective double hierarchy hesitant fuzzy linguistic mathematical programming model as Eq. (36), as shown at the top of the previous page. 
C. SOLUTION METHOD FOR FOUR OBJECTIVE DOUBLE HIERARCHY HESITANT FUZZY LINGUISTIC MATHEMATICAL PROGRAMMING MODEL
In this section, a method is developed to solve the above fourobjective double hierarchy hesitant fuzzy linguistic mathematical programming model. According to Definition 3, the four objective functions of Eq. (36) are DHHFLEs as follows Eqs. (37)- (40), as shown at the bottom of the previous page.
The left of the first two constraints in Eq. (36) are also DHHFLEs and can be calculated as Eqs. (41) and (42), as shown at the top of this page.
Let E(θ + ), E(ψ + ), E(θ − ), E(ψ − ), E(ζ + ) and E(ζ − ) be the expect values of DHHFLEs θ + , ψ + , θ − , ψ − , ζ + and ζ − , respectively. According to Eq.(13), the above six expect values are obtained as
Based on the expect values, the first and third objective functions of Eq.(36) are equivalent to minimize the corresponding expect values, i.e., min{θ + } is equivalent to min{E(θ + )} and min{θ − } is equivalent to min{E(θ − )}; the second and fourth objective functions of Eq.(36) are equivalent to maximize the corresponding expect values, i.e., max{ψ + } is equivalent to max{E(ψ + )} and max{ψ − } is equivalent to max{E(ψ − )}. The first constraint of Eq.(36) is equivalent to E(ζ + ) ≥ E(h + ), and the second constraint of Eq.(36) is equivalent to E(ζ − ) ≥ E(h − ). Therefore, using the linear weighted sum method, Eq.(36) can be transformed into a single-objective double hierarchy hesitant fuzzy linguistic mathematical programming model as follows Eq.(49), as shown at the top of the next page.
By solving Eq.(49), the Shapley value vector ϕ Sh = (ϕ Sh
D. ALGORITHM FOR SOLVING DOUBLE HIERARCHY HESITANT FUZZY LINGUISTIC MAGDM PROBLEMS
Based on the above analysis, a double hierarchy hesitant fuzzy linguistic mathematical programming method is proposed for MAGDM based on Shapley values and incomplete preference information. The procedures are summarized as follows:
Step 1: Invite a group of decision makers D p (p = 1, 2, . . . , q), identify all feasible alternatives A i (i = 1, 2, . . . , m) and provide the evaluation attributes C j (j = 1, 2, . . . , n).
Step 2: Provide the double hierarchy hesitant fuzzy linguistic decision matricesH
. . , q) and the incomplete preference information on attributes .
Step 3: Transform the double hierarchy hesitant fuzzy linguistic decision matricesH
) m×n into the normalized double hierarchy hesitant fuzzy linguistic decision matrices
Step 4: Construct the four-objective double hierarchy hesitant fuzzy linguistic mathematical programming model according to Eq. (29) , and then transform it into a single-objective double hierarchy hesitant fuzzy linguistic mathematical programming model by Eq.(49).
Step 5 Step 9: Construct the individual ranking order matrix X p = (x p ij ) m×m of all alternatives for the DM D p (p = 1, 2, . . . , q) , where
Step 10: Derive the group ranking order matrix X = (x ij ) m×m of all alternatives, where
To determine the group ranking order of alternatives, a single-objective assignment model is constructed by minimizing the deviation between the individual ranking order of alternatives for each DM and the group ranking order, which is shown as follows:
By solving Eq.(53), the group ranking order of all feasible alternatives can be obtained and the best alternative can be selected.
V. NUMERICAL EXAMPLE
In this section, a numerical example of evaluating air pollution control measures for treating haze adopted from [10] is used to illustrate the application of the proposed method. The comparison analysis is also provided to demonstrate the effectiveness of the proposed method.
A. EXAMPLE OF AIR POLLUTION CONTROL MEASURE EVALUATION FOR TREATING HAZE
In recent years, haze has become a huge challenge in many provinces of China, since it has taken a lot of troubles to people's daily life, such as diseases of lung and respiratory, flights or expressways temporarily closing, school suspending and so on. In consideration of the huge harm coming from haze, China has formulated the corresponding policies as well as laws and regulations. In 2014, Li Keqiang, the Premier of the State Council of Chair, chaired a state council executive meeting to introduce some measures for further strengthening the atmospheric pollution control, including speeding up the adjustment of energy structure (C 1 ), playing the incentive and guiding role of price, taxes and subsidies and so on (C 2 ), clearing the responsibility of each part (C 3 ), and utilizing the market and law means and education (C 4 ). Since these measures were introduced, the air pollution statuses of some cities have got a lot of improvements. However, most cities are even worse, especially in the mid-east region of China. To evaluate whether these measures (denoted as a set of attributes C = {C 1 , C 2 , C 3 , C 4 }) were implemented effectively or not in cities including Nanjing, Guangzhou, Chengdu, Zhengzhou and Shijiazhuang (denoted as a set of alternatives A = {A 1 , A 2 , A 3 , A 4 , A 5 }), a committee of three decision makers (denoted as a set of decision makers D = {D 1 , D 2 , D 3 }) was invited to use DHLTS S O shown in Figure 1 to assess the five alternatives A i (i = 1, 2, 3, 4, 5) with respect to four attributes C j (j =  1, 2, 3, 4) . The double hierarchy hesitant fuzzy linguistic decision matricesH Tables 1-3. According to their comprehensions and judgements, three decision makers provide the double hierarchy hesitant fuzzy linguistic preference relations between alternatives as follows:
where the corresponding double hierarchy hesitant fuzzy linguistic truth degrees are specified as
The incomplete preference information structure of attribute importance given by decision makers is provided as
According to Eq.(18), the double hierarchy hesitant fuzzy linguistic decision matricesH Table 7 .
Based on the individual ranking order of alternatives, the individual ranking order matrix X p = (x According to Eq.(53), the single-objective assignment model in constructed as follows:
By solving the above model, the group ranking order matrix is derived as follows: 
B. COMPARISON ANALYSIS
To show the effectiveness of the proposed method in handling double hierarchy hesitant fuzzy linguistic MAGDM problems, the comparison analysis with the double hierarchy hesitant fuzzy linguistic MULTI-MOORA (DHHFL-MULTIMOORA) method and the proposed method is provided.
The DHHFL-MULTIMOORA method is a useful MADM method proposed by Gou et al. [10] . With this method, first of all, all individual double hierarchy hesitant fuzzy linguistic decision matrices should be aggregated into a group double hierarchy hesitant fuzzy linguistic decision matrix. Then, the DHHFL-MULTIMOORA method is used to solve the above numerical example as follows:
Step 1: Calculate the double hierarchy hesitant fuzzy linguistic ration system measure.
Firstly, the expect values of all DHHFLEs in group double hierarchy hesitant fuzzy linguistic decision matrix can be obtained by Eq. (13) , which are shown in Table 8 . Based on the expect values of group double hierarchy hesitant fuzzy linguistic decision matrix, the normalization results are shown in Table 9 . Then, considering that all attributes are benefit attributes, the summarizing ratio Thus, according to the descending order of * i , the ranking order of all feasible alternatives A i (i = 1, 2, 3, 4, 5) is obtained as
Step 2: Calculate the double hierarchy hesitant fuzzy linguistic reference point measure Firstly, the maximal objective reference point M j of attribute C j (j = 1, 2, 3, 4) is determined as follows: Then, the distances between each DHHFLE and M j (j = 1, 2, 3, 4) can be calculated, which are shown in Table 10 . Thus, based on the Min-Max metric, the ranking order of all feasible alternatives A i (i = 1, 2, 3, 4, 5) is obtained as
Step 3: Calculate the double hierarchy hesitant fuzzy linguistic full multiplicative form measure.
Considering the overall utilities of all feasible alternatives, the dimensionless number U i can be used to represent the overall expect value of the alternative A i (i = 1, 2, 3, 4, 5). The calculation results are shown as follows:
Thus, according to descending order of overall expect values U i , the ranking order of all feasible alternatives A i (i = 1, 2, 3, 4, 5) is obtained as
Therefore, combing the calculation results obtained by double hierarchy hesitant fuzzy linguistic ration system measures, double hierarchy hesitant fuzzy linguistic reference point measures and double hierarchy hesitant fuzzy linguistic full multiplicative form measures, the final ranking order of all alternatives A i (i = 1, 2, 3, 4, 5) is obtained as
and the best alternative is A 2 .
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Obviously, the ranking order of alternatives obtained by our proposed method is different from that obtained by the DHHFL-MULTIMOORA method. The reasons are as follows: (1) Our proposed method considers the preference relations between alternatives given by decision makers, while the DHHFL-MULTIMOORA method does not take these relations into account; (2) In our proposed method, the importance degrees of attributes and PIS are objectively determined by a four objective double hierarchy hesitant fuzzy linguistic mathematical programming model, while the DHHFL-MULTIMOORA method does not consider the importance information of attributes, not to mention the interdependent or interactive characteristics among attributes; (3) The group ranking order of alternatives is derived by a single-objective assignment model in our proposed method, while Borda's function is used to derive the group ranking order of alternatives in the DHHFL-MULTIMOORA method. Moreover, comparing with the existing double hierarchy hesitant fuzzy linguistic MADM methods, the advantages of the proposed method are shown as follows:
(1) The inter-dependent or interactive characteristics among attributes are taken into account; (2) The PIS, NIS and Shapley values of attributes are determining objectively, instead of being given by decision makers directly; (3) The incomplete preference over alternatives is considered and the truth degrees of pairwise comparisons between alternatives are denoted by DHHFLEs. Therefore, our proposed method is an effective method in handling MAGDM problems with double hierarchy hesitant fuzzy linguistic information. However, there are also some limitations of our proposed method, such as if the consensus degree of group preference information is low, to improve the accuracy and reliability of the final decision result, the individual preference information should be revised until the satisfactory group consensus degree is reached before our proposed method is used to obtain the most desirable alternative.
VI. CONCLUSIONS
The DHHFLTS is a powerful technique to represent the decision maker's hesitancy in providing his/her complex linguistic preference information. In this paper, a double hierarchy hesitant fuzzy linguistic mathematical programming method is proposed for MAGDM problems based on Shapley values and incomplete preference information. Firstly, based on calculating the distances between alternatives and PIS (NIS), the indexes including DHHFLPIGCI, DHHFLPIGII, DHHFLNIGCI and DHHFLNIGII are defined, respectively. Then, a four-objective double hierarchy hesitant fuzzy linguistic mathematical programming model is constructed by minimizing DHHFLPIGII and DHHFLNIGII as well as maximizing DHHFLPIGCI and DHHFLNIGCI to determine PIS, NIS and Shapley values of attributes simultaneously. After that, the RCDs of alternatives for each DM are obtained and the individual ranking order of all alternatives for each DM is derived according to the descending order of RCDs, and thus a single-objective assignment model is established to generate the group ranking order of alternatives. Finally, a numerical example is given to illustrate the application of the proposed method and the effectiveness of the proposed method is demonstrated by comparison analysis with the DHHFL-MULTIMOORA method and the proposed method. The main features of the proposed method are that the assessment values of alternatives and the truth degrees of pairwise comparisons between alternatives are denoted by DHHFLEs, the inter-dependent or interactive characteristics among attributes and the incomplete preference information are taken into account, and the PIS, NIS and Shapley values of attributes are determined objectively by a four objective double hierarchy hesitant fuzzy linguistic mathematical programming model. In future research, how to construct the mathematical programming model for double hierarchy hesitant fuzzy linguistic MAGDM problems with low consensus degree is an interesting issue. Additionally, the proposed method can be applied to solve other complex linguistic decision making problems, such as global supplier selection, risk investment, healthcare management and so on. 
